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ON CURVATURE PROPERTIES OF SOM-RAYCHAUDHURI SPACETIME
ABSOS ALI SHAIKH AND HARADHAN KUNDU
Abstract. Som-Raychaudhuri [32] spacetime is a stationary cylindrical symmetric solution of
Einstein field equation corresponding to a charged dust distribution in rigid rotation. The main
object of the present paper is to investigate the curvature restricted geometric structures admit-
ting by the Som-Raychaudhuri spacetime and it is shown that such a spacetime is a 2-quasi-
Einstein, generalized Roter type, Ein(3) manifold satisfying R.R = Q(S,R), C ·C = 2a2
3
Q(g, C),
and its Ricci tensor is cyclic parallel and Riemann compatible. Finally, we make a comparison
between Go¨del spacetime and Som-Raychaudhuri spacetime.
1. Introduction
Let M be a connected semi-Riemannian smooth manifold of dimension n, n ≥ 3, equipped
with a semi-Riemannian metric g of signature (s, n − s), 0 ≤ s ≤ n. The manifold M is Rie-
mannian if s = 0 or s = n and is Lorentzian if s = 1 or s = n − 1. Further, let ∇, R, S and κ
be respectively the Levi-Civita connection, the Riemann-Christoffel curvature tensor, the Ricci
tensor and the scalar curvature of M .
Physically spacetime is a mathematical model that combines space and time into a single con-
tinuum. By a spacetime we mean a four-dimensional continuum having three spatial coordinates
and one temporal coordinate, in which all physical quantities are described. In general relativity,
Einstein described the gravity of a spacetime as a geometric property and linked with the geo-
metric quantity “curvature”. The curvature of a spacetime is directly related to its energy and
momentum and the relation is specified by the famous Einstein field equation
Sµν − κ
2
gµν + gµνΛ =
8piG
c4
Tµν ,
where Λ is the cosmological constant, G is Newton’s gravitational constant, c is the speed of
light in vacuum and Tµν is the energy-momentum tensor. Hence to investigate the nature of
a spacetime one have to study its geometry, especially, the curvature of the spacetime and the
curvature restricted geometric structures admitting by the spacetime.
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Symmetry plays the key role to describe the geometry of a manifold. In 1926 Cartan defined
the notion of local symmetry [3] by ∇R = 0, but many spacetimes are not locally symmetric and
hence it is necessary to generalize such notion. During the last eight decades many researchers
are working to generalize the notion of local symmetry and describe the geometry of correspond-
ing spacetimes. In consequence, there arose various generalizations of local symmetry, such as
semisymmetry ([4], [33]), pseudosymmetry (in the sense of Deszcz [1] and Chaki [5]), weak sym-
metry [35], recurrent manifold [36] etc.
In 1968 Som and Raychaudhuri [32] presented a family of stationary cylindrical symmetric
solution of Einstein field equation, known as Som-Raychaudhuri solution, corresponding to a
charged dust distribution in rigid rotation. In terms of cylindrical coordinates (t, r, z, φ), the
stationary cylindrical symmetric metric is given by
(1.1) ds2 = g00dt
2 − e2ψ(dr2 + dz2)− ldφ2 + 2mdφdt,
where g00, ψ, l and m are functions of r alone. According to Som and Raychaudhuri’s considera-
tion g00 = 1, m = ar
2, l = r2−a2r4, ψ = 0, a = constant( 6= 0), and hence the Som-Raychaudhuri
metric is given by
(1.2) ds2 = dt2 − (r2 − a2r4)dφ2 − dr2 − dz2 + 2ar2dφdt.
Thus Som-Raychaudhuri metric can be written as a Go¨del type metric (see [17], [26] and refer-
ences therein) as follows:
(1.3) ds2 = (dt+ h(r) dφ)2 − (f(r))2 dφ2 − dr2 − dz2,
where h(r) = ar2, a = constant( 6= 0) and f(r) = r. Again for h(r) = 2
√
2
m
sinh2(mr
2
) and
f(r) = 2
m
sinh(mr
2
) cosh(mr
2
) (m = constant), the metric (1.3) reduces to the Go¨del metric
[18] (see [26], eq. (1.6)). In terms of Cartesian coordinates (x, y, z, t), the Go¨del metric can be
presented as
(1.4) ds2 = (dt)2 +
1
2
e2mx(dy)2 − (dx)2 − (dz)2 + 2emxdtdy.
The main object of the present paper is to investigate the curvature restricted geometric
structures admitting by the Som-Raychaudhuri spacetime. The paper is organized as follows.
Section 2 deals with the definitions of various curvature restricted geometric structures. In Section
3 we investigate the curvature restricted geometric structures admitting by Som-Raychaudhuri
spacetime. Among others, it is shown that Som-Raychaudhuri spacetime is 2-quasi-Einstein,
Ricci generalized pseudosymmetric and is of generalized Roter type. Section 4 is concerned with
the comparison between Som-Raychaudhuri spacetime and Go¨del spacetime.
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2. Curvature restricted geometric structures
In this section we define various curvature restricted geometric structures. Let us consider a
connected semi-Riemannian smooth manifold M of dimension n, n ≥ 3, equipped with a semi-
Riemannian metric g. Let C∞(M), χ(M) and χ∗(M) be the algebra of all smooth functions,
the Lie algebra of all smooth vector fields and the Lie algebra of all smooth 1-forms on M
respectively. We define C∞(M)-linear endomorphisms over χ(M), namely, X ∧A Y , R(X, Y ),
C(X, Y ), P(X, Y ), W(X, Y ) and K(X, Y ) as follows ([17], [30]):
(X ∧A Y )X1 = A(Y,X1)X − A(X,X1)Y,
R(X, Y )X1 = [∇X ,∇Y ]X1 −∇[X,Y ]X1,
C(X, Y ) = R(X, Y )− 1
n− 2(X ∧g SY + SX ∧g Y −
κ
n− 1X ∧g Y ),
P(X, Y ) = R(X, Y )− 1
n− 1X ∧S Y,
W(X, Y ) = R(X, Y )− κ
n(n− 1)X ∧g Y and
K(X, Y ) = R(X, Y )− 1
n− 2(X ∧g SY + SX ∧g Y ),
where X, Y,X1 ∈ χ(M), A is a symmetric (0, 2)-tensor and S is the Ricci operator, defined by
g(X,SY ) = S(X, Y ). Throughout the paper we consider X, Y,Xi, Yi ∈ χ(M), i = 1, 2, . . .. In
view of the above endomorphisms we have various curvature tensors given as follows ([17], [29],
[19],[25]):
Gaussian curvature tensor : G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4),
Riemann-Christoffel curvature tensor : R(X1, X2, X3, X4) = g(R(X1, X2)X3, X4),
conformal curvature tensor : C(X1, X2, X3, X4) = g(C(X1, X2)X3, X4),
projective curvature tensor : P (X1, X2, X3, X4) = g(P(X1, X2)X3, X4),
concircular curvature tensor : W (X1, X2, X3, X4) = g(W(X1, X2)X3, X4),
conharmonic curvature tensor : K(X1, X2, X3, X4) = g(K(X1, X2)X3, X4).
Again there are three (0, 2)-tensors, namely, S2, S3 and S4, defined by
S2(X, Y ) = S(X,SY ), S3(X, Y ) = S(X,SSY ) and S4(X, Y ) = S(X,SSSY )
respectively, and called Ricci tensor of level 2, 3 and 4 respectively.
One can easily operate an C∞(M)-linear endomorphism H on a (0, k)-tensor T , k ≥ 1, and
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get the tensor HT given by ([12], [13], [16])
(HT )(X1, X2, · · · , Xk) = −T (HX1, X2, · · · , Xk)− · · · − T (X1, X2, · · · ,HXk).
In particular, for H = R(X, Y ) we get a (0, k+ 2)-tensor R · T (see [28], [29] and also references
therein) as follows:
R · T (X1, X2, · · · , Xk, X, Y ) = −T (R(X, Y )X1, X2, · · · , Xk)− · · · − T (X1, X2, · · · ,R(X, Y )Xk).
Similarly for H = C(X, Y ) (resp.,W(X, Y ) and K(X, Y )) we get the (0, k+2)-tensor C ·T (resp.,
W ·T and K ·T ). If A is a symmetric (0,2)-tensor, then for H = X∧AY , we get a (0, k+2)-tensor
Q(A, T ) ([28], [29], [34]) given by
Q(A, T )(X1, X2, . . . , Xk, X, Y ) = ((X ∧A Y ) · T )(X1, X2, . . . , Xk)
= A(X,X1)T (Y,X2, · · · , Xk) + · · ·+ A(X,Xk)T (X1, X2, · · · , Y )
−A(Y,X1)T (X,X2, · · · , Xk)− · · · − A(Y,Xk)T (X1, X2, · · · , X).
Definition 2.1. ([1], [4], [9], [29], [33]) A semi-Riemannian manifold M is said to be T -
semisymmetric type if HT = 0 and it is said to be T -pseudosymmetric type if
(
k∑
i=1
ciHi
)
T = 0,
where H,Hi, i = 1, . . . , k, (k ≥ 2), are C∞(M)-linear endomorphisms and ci ∈ C∞(M), called
the associated scalars.
In particular, if H = R(X, Y ) and T = R (resp., S, C, W and K), then M is called semisym-
metric (resp., Ricci, conformally, concircularly and conharmonically semisymmetric). Again, if
i = 2, H1 = R(X, Y ), H2 = X ∧g Y and T = R (resp., S, C, W and K), then M is called Deszcz
pseudosymmetric (resp., Ricci, conformally, concircularly and conharmonically pseudosymmet-
ric). Especially, if i = 2, H1 = C(X, Y ), H2 = X ∧g Y and T = C, then M is called a manifold of
pseudosymmetric Weyl conformal curvature tensor. Again, if i = 2, H1 = R(X, Y ), H2 = X∧SY
and T = R, then M is called Ricci generalized pseudosymmetric [8].
Definition 2.2. A semi-Riemannian manifold is said to be a k-quasi-Einstein manifold if rank(S−
αg) = k, 0 ≤ k ≤ (n− 1), for a scalar α. In particular, for k = 0, S is linearly dependent with g
and the manifold is Einstein. Again, for k = 1, the manifold is called quasi-Einstein and in this
case we have S = αg + βΠ⊗ Π, Π ∈ χ∗(M) and α, β ∈ C∞(M), ⊗ denotes the tensor product.
If α = 0, then a quasi-Einstein manifold is called Ricci simple.
We note that every Einstein manifold is quasi-Einstein and every (k − 1)-quasi-Einstein man-
ifold is k-quasi-Einstein for 1 ≤ k ≤ (n − 1). To obtain the explicit form of Ricci tensor, there
are various generalizations of quasi-Einstein manifold.
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Definition 2.3. A semi-Riemannian manifold M is said to be generalized quasi-Einstein in the
sense of Chaki [6] (resp., in the sense of De and Ghosh [7]) if
S = αg + βΠ⊗ Π+ γ[Π⊗ Φ + Φ⊗ Π]
(resp., S = αg + βΠ⊗Π+ γΦ⊗ Φ)
holds on U = {x ∈ M : (S − ν1g − ν2ξ ⊗ ξ)x 6= 0 for any scalars ν1, ν2 and any 1-form ξ} for
some α, β, γ ∈ C∞(M) and Π,Φ ∈ χ∗(M) such that their associated vector fields are mutually
orthogonal.
We note that the notion of generalized quasi-Einstein manifolds in the sense of Chaki is different
from the that by De and Ghosh. Again in 2009, Shaikh [27] introduced the notion of pseudo
quasi-Einstein manifold and studied its geometric properties and relativistic significance along
with the existence of such notion by several non-trivial examples.
Definition 2.4. [27] A semi-Riemannian manifold M is said to be pseudo quasi-Einstein if
(2.1) S = αg + βΠ⊗Π + γE
holds on U for some α, β, γ ∈ C∞(M), Π ∈ χ∗(M) and a trace free (0, 2)-tensor E such that the
associated vector field V corresponding to Π satisfies E(X, V ) = 0.
In particular, if E = Φ ⊗ Φ (resp., Π ⊗ Φ + Φ ⊗ Π) then a pseudo quasi-Einstein manifold
reduces to a generalized quasi-Einstein manifold by De and Ghosh (resp., by Chaki).
For two (0, 2)-tensors A and E, their Kulkarni-Nomizu product A ∧ E is given by ([15], [19],
[20], [29])
(A ∧ E)(X1, X2, X, Y ) = A(X1, Y )E(X2, X) + A(X2, X)E(X1, Y )
− A(X1, X)E(X2, Y )− A(X2, Y )E(X1, X).
Definition 2.5. A semi-Riemannian manifold M is said to be a Roter type manifold ([10], [11])
(resp., generalized Roter type manifold ([28], [30], [31])) if
R = N1g ∧ g +N2g ∧ S +N3S ∧ S and
(resp., R = L1g ∧ g + L2g ∧ S + L3S ∧ S + L4g ∧ S2 + L5S ∧ S2 + L6S2 ∧ S2)
holds for some Ni, Lj ∈ C∞(M), 1 ≤ i ≤ 3 and 1 ≤ j ≤ 6.
Definition 2.6. ([2], [30]) A semi-Riemannian manifold M is said to be Ein(2), Ein(3) and
Ein(4) if
(2.2) S2 + a1S + a2g = 0,
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(2.3) S3 + a3S
2 + a4S + a5g = 0 and
(2.4) S4 + a6S
3 + a7S
2 + a8S + a9g = 0
holds respectively, for some ai ∈ C∞(M), 1 ≤ i ≤ 9.
In 1978 Gray presented two new classes of manifolds, namely, manifolds of Codazzi type Ricci
tensor and manifolds of cyclic parallel Ricci tensor, lies between the class of Ricci symmetric
manifolds and the class of manifolds of constant scalar curvature.
Definition 2.7. A semi-Riemannian manifoldM is said to be of Codazzi type Ricci tensor (resp.
cyclic parallel Ricci tensor) (see, [17], [21] and references therein), if
(∇X1S)(X2, X3) = (∇X2S)(X1, X3)
(resp. (∇X1S)(X2, X3) + (∇X2S)(X3, X1) + (∇X3S)(X1, X2) = 0 )
holds on M .
Definition 2.8. A symmetric (0, 2)-tensor E on a semi-Riemannian M is said to be Riemann
compatible or simply R-compatible ([22], [23]) if
R(EX1, X,X2, X3) +R(EX2, X,X3, X1) +R(EX3, X,X1, X2) = 0,
holds, where E is the endomorphism corresponding to E defined as g(EX1, X2) = E(X1, X2).
Again a 1-form Π is said to be Riemann compatible if Π⊗Π is Riemann compatible.
Similarly we can define conformal compatibility (also known as Weyl compatibility see, [14]
and [24]), concircular compatibility and conharmonic compatibility.
3. Som-Raychaudhuri spacetime admitting geometric structures
Let us consider R4 equipped with the Som-Raychaudhuri metric g which, in terms of cylindrical
coordinates (t, φ, r, z), is given by
(3.1) ds2 = gijdx
idxj = (dt+ ar2 dφ)2 − r2 dφ2 − dr2 − dz2,
where the coordinates t, φ, r and z are respectively designated as x1, x2, x3 and x4.
From (3.1) the non-zero components (upto symmetry) of the R, S, ∇R and ∇S are given by
R1212 = −a2r2, R1313 = −a2, R1323 = −a3r2, R2323 = −a2r2
(
a2r2 + 3
)
;
S11 = S33 = −2a2, S12 = −2a3r2, S22 = −2
(
a4r4 + a2r2
)
;
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R1223,2 = −4a3r3, R1323,3 = −4a3r, R2323,3 = −8a4r3;
S12,3 = −S13,2 = −4a3r, −1
2
S22,3 = S23,2 = 4a
4r3.
The value of the scalar curvature of the Som-Raychaudhuri metric is 2a2 and the non-zero
components (upto symmetry) of C, W and K are given by
C1212 = −2
3
a2r2, −C1313 = 1
2
C1414 = C3434 =
2a2
3
, C2323 = −2
3
a2r2
(
a2r2 + 2
)
,
−C1323 = 1
2
C1424 =
2
3
a3r2, C2424 =
2
3
(
2a4r4 + a2r2
)
;
W1212 = −7
6
a2r2, −1
7
W1313 = −W1414 = W3434 = a
2
6
, W2323 = −1
6
a2r2
(
7a2r2 + 17
)
,
1
7
W1323 = W1424 = −1
6
a3r2, W2424 = −1
6
a2r2
(
a2r2 − 1) ;
K1212 = −a2r2, −K1313 = K1414 = K3434 = a2,
−K1323 = K1424 = a3r2, K2323 = −K2424 = −a2r2
(
a2r2 + 1
)
.
Again the non-zero components (upto symmetry) of R ·R, R · S, R ·C, C ·R, C ·C, Q(g, R),
Q(S,R), Q(g, C) and Q(S, C) are given by
−R · R122313 = R · R132312 = 4a4r2, −2R · R122323 = R ·R232312 = 8a5r4;
R · S1212 = 4a4r2, R · S1313 = 4a4, R · S2212 = 8a5r4,
R · S1323 = R · S2313 = 4a5r2, R · S2323 = 4a6r4;
−R · C122313 = R · C132312 = −R · C142412 = 2a4r2,
−2R · C122323 = R · C232312 = −R · C242412 = 4a5r4, −R · C143413 = 2a4,
−R · C143423 = −R · C243413 = 2a5r2, −R · C243423 = 2a6r4;
4C · R121424 = −C ·R122313 = 2C ·R122414 = C · R132312 = 8a
4r2
3
,
−2C · R122323 = 3
8
C · R122424 = C · R232312 = 16a
5r4
3
,
2C · R131434 = C · R133414 = 4a
4
3
, C ·R232434 = 2
3
a4r2
(
a2r2 + 3
)
,
2C · R132434 = C · R133424 = 2C · R142334 = C · R233414 = 4a
5r2
3
, C ·R233424 = 4a
6r4
3
− 2a4r2;
3
8
C · S1212 = a4r2, 3
8
C · S1313 = −3
8
C · S1414 = 3
4
C · S3434 = a4,
3
8
C · S1323 = −3
8
C · S1424 = a5r2, 3
8
C · S2323 = a6r4, −3
4
C · S2424 = a4r2
(
2a2r2 − 1) ;
3
4
C · C121424 = −3
4
C · C122313 = 3
4
C · C132312 = −3
4
C · C142412 = −3
4
C · C233424 = a4r2,
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−3
4
C · C122323 = 3
4
C · C122424 = 3
8
C · C232312 = −3
8
C · C242412 = a5r4,
3
4
C · C132434 = 3
4
C · C142334 = −3
4
C · C143423 = −3
4
C · C243413 = a5r2,
3
4
C · C131434 = −3
4
C · C143413 = a4, 3
4
C · C232434 = a4r2
(
a2r2 + 1
)
, −3
4
C · C243423 = a6r4;
−4Q(g, R)121424 = Q(g, R)122313 = 4Q(g, R)122414 = −Q(g, R)132312 = 4a2r2,
2Q(g, R)122323 = −Q(g, R)232312 = 8a3r4, −Q(g, R)131434 = Q(g, R)133414 = a2,
−Q(g, R)132434 = Q(g, R)133424 = −Q(g, R)142334 = Q(g, R)233414 = a3r2,
−Q(g, R)232434 = Q(g, R)233424 = a2r2
(
a2r2 + 3
)
;
−Q(S,R)122313 = Q(S,R)132312 = 4a4r2, −2Q(S,R)122323 = Q(S,R)232312 = 8a5r4;
−Q(g, C)121424 = Q(g, C)122313 = −Q(g, C)132312 = Q(g, C)142412 = Q(g, C)233424 = 2a2r2,
2Q(g, C)122323 = −2Q(g, C)122424 = −Q(g, C)232312 = Q(g, C)242412 = 4a3r4,
−Q(g, C)232434 = 2a2r2
(
a2r2 + 1
)
, Q(g, C)243423 = 2a
4r4, −Q(g, C)131434 = Q(g, C)143413 = 2a2,
−Q(g, C)132434 = −Q(g, C)142334 = Q(g, C)143423 = Q(g, C)243413 = 2a3r2;
−1
2
Q(S, C)121424 = −Q(S, C)122313 = Q(S, C)122414 = Q(S, C)132312 = Q(S, C)142412 = 4a
4r2
3
,
−2Q(S, C)122323 = −2Q(S, C)122424 = Q(S, C)232312 = Q(S, C)242412 = 8a
5r4
3
,
−1
2
Q(S, C)131434 = Q(S, C)133414 = Q(S, C)143413 =
4a4
3
, −Q(S, C)232434 = 4
3
a4r2
(
2a2r2 + 1
)
−1
2
Q(S, C)132434 = Q(S, C)133424 = −1
2
Q(S, C)142334 = Q(S, C)143423 = Q(S, C)233414
= Q(S, C)243413 =
4a5r2
3
, Q(S, C)233424 =
4
3
a4r2
(
a2r2 + 1
)
, Q(S, C)243423 =
4a6r4
3
.
Hence from the above, it follows that Som-Raychaudhuri spacetime has the following curvature
properties:
(i) Not quasi-Einstein but 2-quasi-Einstein as
S = 2a2g + (Π⊗ Φ+ Φ⊗Π),
where Π = (1, ar2, 0, 1/
√
2), Φ = (−2a2,−2a3r2, 0,√2a2), and thus rank(S − 2a2g) = 2.
(ii) Ricci tensor is not of Codazzi type but cyclic parallel.
(iii) Generalized quasi-Einstein manifold in the sense of Chaki for
α = 2a2, β = −12a4r4, γ = 1, Π =
(
1
ar2
, 1, 0,− 1√
2ar2
)
, Ψ =
(
4a3r2, 4a4r4, 0, 4
√
2a3r2
)
.
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(iv) Generalized quasi-Einstein manifold in the sense of De and Ghosh for
α = 2a2, β = 1, γ = −1, Π =
(
0, 0, 0,
√
2a
)
, Ψ =
(
2a, 2a2r2, 0, 0
)
.
(v) Pseudo quasi-Einstein manifold for
α =
2
3
a2, β = 1, γ = −1, Π =
(
0, 0, 0,
√
2
3
a
)
and
E =


8
3
a2 8
3
a3r2 0 0
8
3
a3r2 4
3
a2r2(1 + 2a2r2) 0 0
0 0 4
3
a2 0
0 0 0 0

 .
(vi) Not pseudosymmetric but special Ricci generalized pseudosymmetric (R · R = Q(S,R)).
(vii) Not conformally pseudosymmetric but of pseudosymmetric Weyl conformal curvature tensor
satisfying C · C = 2a2
3
Q(g, C).
(viii) Not Roter type but satisfies the generalized Roter type condition
R = L1g ∧ g + L3S ∧ S − L1
2a4
g ∧ S2 +
(
1
4a4
− L3
a2
)
S ∧ S2 +
(
L1
16a8
− 1
32a6
+
L3
4a4
)
S2 ∧ S2,
where L1, L3 are arbitrary scalars.
(ix) Not Ein(2) but an Ein(3) manifold since S3 = 4a4S.
(x) Also satisfies the pseudosymmetric type condition
L11R·R+L13R·C+L13C ·R+L14C ·C = L11Q(S,R)+
(
−5a
2L13
3
− 2a
2L14
3
)
Q(g, C)+L13Q(S, C),
where L11, L13, L14 are arbitrary scalars.
(xi) The Ricci tensor is Riemann compatible as well as conformal compatible, concircular com-
patible and conharmonic compatible.
Hence we can state the following:
Theorem 3.1. The Som-Raychaudhuri spacetime (M, g) is (i) of cyclic parallel Ricci tensor,
(ii) 2-quasi-Einstein, (iii) Ein(3) (iv) generalized quasi-Einstein both in the sense of Chaki,
and of De and Ghosh, (v) pseudo quasi-Einstein (vi) special Ricci generalized pseudosymmetric,
(vii) manifold of pseudosymmetric Weyl conformal curvature, (viii) generalized Roter type and
(ix) its Ricci tensor is Riemann compatible, conformal compatible, concircular compatible and
conharmonic compatible.
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4. Som-Raychaudhuri spacetime as a Go¨del type spacetime
Recently Deszcz et al. [17] studied the geometric properties of Go¨del metric and showed that
the Go¨del spacetime is Ricci simple. We recall that both the Go¨del metric and Som-Raychaudhuri
metric are of Go¨del type. In this section, after presenting some geometric properties of Go¨del
type metric, we make a comparison between Som-Raychaudhuri spacetime and Go¨del spacetime.
Let M be a connected smooth manifold endowed with the Go¨del type metric
(4.1) ds2 = (dt+ h(r) dφ)2 − (f(r))2 dφ2 − dr2 − dz2,
in cylindrical coordinates (t, r, z, φ). Then the non-zero components of R, S and C are given by
R1212 = −(h
′)2
4
, R1313 = −(h
′)2
4f 2
, R1323 = −2f
2h′′ − 2ff ′h′ + h (h′)2
4f 2
,
R2323 =
−4f 2hh′′ − 3f 2 (h′)2 + 4fhf ′h′ + 4f 3f ′′ − h2 (h′)2
4f 2
,
S11 = −(h
′)2
2f 2
, S12 = −f
2h′′ − ff ′h′ + h (h′)2
2f 2
,
S22 =
−2f 2hh′′ − f 2 (h′)2 + 2fhf ′h′ + 2f 3f ′′ − h2 (h′)2
2f 2
, S33 =
2ff ′′ − (h′)2
2f 2
,
C1212 = −1
6
(
(h′)
2 − ff ′′
)
, C1313 = −1
2
C1414 = −C3434 = ff
′′ − (h′)2
6f 2
,
C1323 = −3f
2h′′ − 2fhf ′′ − 3ff ′h′ + 2h (h′)2
12f 2
, C1424 =
3f 2h′′ − 4fhf ′′ − 3ff ′h′ + 4h (h′)2
12f 2
,
C2323 =
−3f 2hh′′ + fh2f ′′ − 2f 2 (h′)2 + 3fhf ′h′ + 2f 3f ′′ − h2 (h′)2
6f 2
,
C2424 = −−3f
2hh′′ + 2fh2f ′′ − f 2 (h′)2 + 3fhf ′h′ + f 3f ′′ − 2h2 (h′)2
6f 2
,
where f ′ = df
dr
, f ′′ = df
′
dr
, h′ = dh
dr
, h′′ = dh
′
dr
, h(3) = dh
′′
dr
and h(4) = dh
(3)
dr
.
From above we can state the following:
Theorem 4.1. Let M be a connected smooth manifold endowed with the Go¨del type metric (4.1).
Then we have the following:
(i) M is a 3-quasi-Einstein manifold and it is a 2-quasi Einstein manifold if fh′′ = f ′h′, and
Ricci simple manifold if h′2 = 2ff ′′.
(ii) M is a special Ricci generalized pseudosymmetric manifold (i.e., R ·R = Q(S,R)), and it is
a semisymmetric manifold if f = ch′ and h′ = c2h′′′ for a constant c.
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(iii) Its Ricci tensor is Riemann compatible, Weyl compatible, concircular compatible and con-
harmonic compatible, and the Ricci tensor is cyclic parallel if h(4)h′− h(3)h′′ = 0 and f = ch′ for
a constant c.
(iv) M satisfies C · C = LQ(g, C) if f = ch′ for a constant c, and in this case L = ff ′′−h′2
6f2
=
−(h
′−a2h(3))
6a2h′
.
(v) If τ = (h′2 − 2ff ′′)(f 2h′′2 − 2ff ′h′h′′ − h′4 + 2ff ′′h′2 + f ′2h′2) is non-zero at every point of
M , then M satisfies the generalized Roter type condition [17]
R = L1S ∧ S + L2S ∧ S2 + L3S2 ∧ S2,
for L1 =
f2
τ
(2f 2h′′2 − 4ff ′h′h′′ − 3h′4 + 8ff ′′h′2 + 2f ′2h′2 − 8f 2f ′′2), L2 = 2f4τ (h′2 − 4ff ′′) and
L3 = −4f6τ .
We have now state some additional information about Go¨del metric.
Remark 4.1. LetM be a connected smooth manifold endowed with the Go¨del metric (1.4). Then
we have the following:
(i) The 1-form ω = (0, memr, 0, m) is Riemann compatible as well as Weyl compatible, concircular
compatible and conharmonic compatible.
(ii) The Ricci tensor is also Riemann compatible, Weyl compatible, concircular compatible and
conharmonic compatible.
(iii) M is an Ein(2) manifold satisfying S2 = m2S.
(iv) It satisfies the pseudosymmetric type condition P · R = 2
3
Q(S,R).
Hence we have the following comparison between Go¨del spacetime and Som-Raychaudhuri
spacetime.
A. Similarity:
(i) Their Ricci tensors are cyclic parallel but not of Codazzi type.
(ii) They are of special Ricci generalized pseudosymmetric.
(iii) They are of pseudosymmetric Weyl conformal curvature tensor.
(iv) Their Ricci tensors are Riemann compatible as well as conformal compatible, concircular
compatible and conharmonic compatible.
B. Dissimilarity:
(i) Go¨del spacetime is quasi-Einstein but Som-Raychaudhuri spacetime is proper 2-quasi-Einstein.
(ii) Go¨del spacetime satisfies K.K = 0 but Som-Raychaudhuri spacetime satisfies K · K =
−a2Q(g,K).
(iii) Go¨del spacetime is not generalized Roter type (since in this case τ = 0) but Som-Raychaudhuri
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spacetime is generalized Roter type.
(iv) Go¨del spacetime is Ein(2) but Som-Raychaudhuri spacetime is Ein(3).
Theorem 4.2. Both the Go¨del spacetime and Som-Raychaudhuri spacetime are Ricci generalized
pseudosymmetric, pseudosymmetric Weyl conformal curvature tensor, and their Ricci tensors
are Riemann, conformal, concircular and conharmonic compatible, and cyclic parallel but not of
Codazzi type.
Theorem 4.3. Go¨del spacetime is a quasi-Einstein, Ein(2) manifold satisfies K.K = 0 but
Som-Raychaudhuri spacetime is a proper 2-quasi-Einstein, Ein(3) manifold satisfies K · K =
−a2Q(g,K). Moreover Som-Raychaudhuri spacetime is generalized Roter type but Go¨del space-
time is not generalized Roter type.
5. Conclusion
Som-Raychaudhuri spacetime is a Go¨del type stationary cylindrical symmetric solution of
Einstein field equation corresponding to a charged dust distribution in rigid rotation. In the
present paper we investigate the curvature restricted geometric structures admitting by the Som-
Raychaudhuri spacetime and it is shown that such a spacetime is a 2-quasi-Einstein, pseudo
quasi-Einstein, generalized quasi-Einstein, generalized Roter type, Ein(3) manifold and satisfies
R.R = Q(S,R), C·C = 2a2
3
Q(g, C), and its Ricci tensor is cyclic parallel and Riemann compatible.
We obtain sufficient conditions for a Go¨del type metric to be 2-quasi Einstein, cyclic Ricci paral-
lel and semisymmetric. The comparisons between the Go¨del spacetime and Som-Raychaudhuri
spacetime are also discussed. It is shown that both the Go¨del spacetime and Som-Raychaudhuri
spacetime are Ricci generalized pseudosymmetric, pseudosymmetric Weyl conformal curvature
tensor, and their Ricci tensors are Riemann compatible and cyclic parallel. It is also shown that
Go¨del spacetime is a quasi-Einstein, not generalized Roter type, Ein(2) manifold and satisfies
K.K = 0, but Som-Raychaudhuri spacetime is a proper 2-quasi-Einstein, generalized Roter type,
Ein(3) manifold and fulfills K ·K = −a2Q(g,K).
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